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ABSTRACT

This dissertation consists of characterizing semi compact spaces

in genéra] and characterizing semi compact TO spaces, Tl spaces, and

R0 spaces in particular.

(a)
(b)
(c)

(3)
(k)

In Chapter II it is shown that the following are equivalent:
(X,T) is semi compact,
for each YET, (Y,TY) is semi compact,

for each 0¢€ T, Fr(0) is finite and if {On}nE N is a sequence of

m
open sets in X, then there exists m& N such that ODc:U Oi for

i=1
all peN,
for each 0€ T, Fr(0) is finite and every chain in T, partially
ordered by set containment, has a maximal element,

for each 0€ SO(X,T), Fr(0) is finite and every chain in SO(X,T),

partially ordered by set containment, has a maximal element,

for each 0€ SO(X,T), Fr(0) is finite and if {On}ne N is a
sequence of semi open sets in X, then there exists m& N such that
m
0 cu0, for all p€N,
Pi=1"

for each Yc X, (Y,TY) is semi compact,

for each Yo X, every cover of Y by sets semi open in X has a
finite sub-cover,

(X,T) is type 1, type 2, type 3, or the finite topological sum
of nonempty disjoint spaces that are type 1, type 2, or type 3,
every semi homeomorphic image of (X,T) is semi compact, and

(X,T) can be semi embedded in a semi compact space.



In Chapter III it is shown that (X,T) is semi compact Ty if and
only if (X,T) is type (1,1), type (2,1), type (3,1), or a finite
topological sum of nonempty disjoint spaces that are type (1,1),
type (2,1), or type (3,1), and that two equivalent formulations of
semi compact RO spaces are (a) (XO,Q(XO)) is semi compact T and for
each closed set C in X0 with empty interior, each element of C is a
finite set, and (b) (X,T) is type (1,0), type (2,0), type (3,0), or a
finite topological sum of nonempty disjoint spaces that are type (1,0),
type (2,0), or type (3,0).

It is further shown in Chapter III that 1st countability and 2nd

countability are equivalent in semi compact R0 and T1 spaces.

iv
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CHAPTER 1

INTRODUCTION

What would happen to the familiar concepts of continuity,
convergence, compactness, etc., if open sets were generalized to
open sets unioned with portions of their boundaries? Could topologies
be described by means of these extended sets? Questions of this
nature led to the definition by Norman Levine in 1963 of semi open sets.

Definition 1.1. A set A in a topological space (X,T) is semi open

if and only if there exists 0€ T such that 0cAcO (where 0 is the
closure of 0 in X) [10].

Open sets are semi open, but semi open sets are not necessarily
open. This may be seen by considering R with the usual topology,
where (a,b] is semi open but not open.

Semi open sets have been used to define and investigate many
new properties and concepts in topology. Among these are semi closure,
semi continuity, semi convergence, and semi-Ti spaces, i=0,1,2.

Throughout this paper, SO(X,T) will denote the collection of
sets semi open in X, N wiil denote the set of positive integers, and
Fr(0), the frontier of 0, will denote the set of boundary points of
the set 0.

Insisting that the inverse image of every open set be semi open
is not enough to imply continuity of a function from one topological
space to another. Let [0,1] have the usual topology and define
f : [0,1] - [0,1] by



-

" 1if 0 <x<1/2
f(x) = .

0if 1/2 < x < 1
The inverse image of every open set is semi open, but f is not
continuous. This situation led to the definition by Levine in 1970
of semi continuity.

Definition 1.2. Let (X,T) and (Y,S) be topological spaces. Then
L

f i (X,T) > (Y,S) is semi continuous if and only if f ~(0) is semi

open in X for each 0€¢ S [10].

Insisting that every semi open cover can be replaced by a
finite sub-cover is enough to imply compactness, but compactness is
not enough to imply that every semi open cover can be replaced by a
finite sub-cover. Let R2 be the plane with the usual topology, let

A = (0,1] x [0,1], and Tet B

[0,1] x [0,1]. B is compact, but the
semi open cover {(x,y) UA|x =0, 0 <y < 1} has no finite sub-cover.
In 1982 Dorsett defined semi compactness.

Definition 1.3. Let (X,T) be a topological space and let AcX.

Then (X,T) is semi compact if and only if every semi open cover of X,
i.e., a cover of X by sets semi open in X, has a finite sub-cover,
and A is semi éompact if and only if every cover of A by sets semi
open in X has a finite sub-cover [6].

Study was then directed toward characterizations of semi
compactness. Dorsett showed in 1981 that a space (X,T) is semi
compact if and only if for each 0€ T, Fr(0) is finite, and there
does not exist an infinite sequence of nonempty disjoint open sets [6].
Others are given in the characterization theorem of Chapter II.

Other research efforts were directed toward describing semi

compact T2 spaces and R1 spaces. Dorsett showed in 1980 that a



T, space (X,T) is semi compact if and only if X is finite, and that
one equivalent condition for a semi compact R1 space (X,T) is that
{{X}|x€ X} is a finite subset of T [5]. In Chapter III characteri-
zations are given for semi compactness in TO spaces, T1 spaces, and
R0 spaces. Also, lst countability is shown to be equivalent to 2nd
countability in semi compact T1 spaces and R0 spaces.
Previous definitions and known results utilized in the proofs

presented in this paper are listed below.

Definition 1.4. If {(XO‘,Tm)’}O‘€ p s a family of nonempty

disjoint topological spaces, X = U X , and T = {G=X|(GN X )€ T for
«€A® o @

all o€ A}, then (X,T) is called the topological sum of {(X ,T )}
a’® o’ a€A

[13].

Theorem 1.1. Let (X,T) be a topological space. If S& SO(X,T)
and 0€ T, then Sn 0€ SO(X,T) [11].

Definition 1.5. A one-to-one function f from a topological space
(X,T) onto a topoiogical space (Y,S) is a semi homeomorphism if and
only if £(0) € S0(Y,S) for all 0€ SO(X,T) and £ L(U)e€ SO(X,T) for all
Ue so(y,s) [2].

Definition 1.6. Let (X,T) be a topological space and let R be

the equivalence relation on X defined by xRy if and only if {X} = {¥}.
Then the To—identification space of (X,T) is (XO,Q(XO)), where X0 is
the set of equivalence classes of R and Q(XO) is the decomposition
topology on XO’ which is TO [13].

Theorem 1.2. The natural map P : (X,T) (XO,Q(XO)) is continuous,
Y

closed, open, onto, P'l(P(O)) =0 for all 0€ T, P " {(Fr(0) = Fr(P'l(O))

for all 0€ Q(X 1(

[7]1.

, and P"*(C) is connected if and only if C is connected

0



Definition 1.7. Let (X,T) and (Y,S) be topological spaces and

let f : (X,T) »~ (Y,S). Then f is almost-open if and only if for each

ocs, £1(@) = +1(0) 12].
Theorem 1.3. Let (X,T) and (Y,S) be topological spaces. If
f @ (X,T) »~ (Y,S) is semi continuous, almost-open, and onto, and (X,T)
is semi compact, thén (Y,S) is semi compact [6].
Theorem 1.4. Let (X,T) be a topological space. Then the following
are equivalent:
(a) (X,T) is Ry,
(b) (Xg:Q(Xg)) is Ty,
(c) X4 = {{x}|x€ X}, and
(d) {{x}|x€ X} is a decomposition of X [8].
Theorem 1.5. If the topological space (X,T) is semi compact,
then there does not exist an infinite closed set with empty interior [4].
Theorem 1.6. Let {(Xa’Ta)}aE j be a collection of nonempty
disjoint topological spaces and let (X,T) be the topological sum of

{(Xa’Ta)}ae p-  Then (X,T) is Ry if and only if (Xa,Ta) is R, for
all «€ A [9].

Theorem 1.7. A topological space (X,T) is 2nd countable if and
only if its To-identification space is 2nd countable [8].

Theorem 1.8. Let (X,T) be a topo]ogica] space and let YcX.
Then Ye SO(X,T) if and only if for each A€ SO(Y,TY), Ae SO(X,T)[11].



CHAPTER II
CHARACTERIZATIONS OF SEMI COMPACT SPACES

The fact that there are many interesting and useful characterizations
of compactness in general topology led to the question of whether or not
there are characterizations of semi compactness other than Dorsett's
result mentioned previously.

At the same time, the fact that in general topology it has been
shown that every topological space can be embedded in a compact space
led to the question of whether or not every topological space can be
embedded in a semi compact space. Investigation of this problem re-
sulted in the discovery that every subspace of a semi compact space is
semi compact. This result implies not only that only semi compact
spaces can be embedded in a semi compact space, but also that an equiva-
lent formulation of semi compactness is that every subspace be semi
compact. This result is included in the characterization theorem of
this chapter.

Theorems 2.1 and 2.2 are necessary for the proof of the characteri-
zation theorem, Theorem 2.3.

Theorem 2.1. If (X,T) is semi compact, then (a) X is finite, or
(b) there exists U€ T such that U is infinite and if V€ T-{@}such that
Vo U, then UcV,

Proof: Suppose X is infinite and there does not exist Ue T such

that U is infinite and if V& T-{@} such that VcU, then UcV. Let Np =

{ne N | n<p}. For pe N there exists fy @ Np = (T-{@}, T-{P}), where



fp(i) = (01, Qi)’ such that (1) if i€ Np-{l}, then fiis an extension

of f;_; and Oic:X-jEEOj, (2) Qic:X—jgin for all 7€ N, and (3) Q, is

infinite for all i€ N. The proof is by mathematical induction.
Since X€ T and X is infinite, then there exists V& T-{@} such

that Vo X and X¢V. Then X-V is open and nonempty. Since

X =V uUFr(V) u(X-V) and Fr(V) is finite, then either V or X-V

is infinite. If V is infinite, let 01 = X-V and Q1 = V; otherwise,

let 0; = Vand Q; = X-V. Then flor N~ (T-{@}, T-{@}) defined by

f1(1) = (0, ;) satisfies the desired conditions. Assume the state-

is true for p = k. Since Qk is open and infinite, then there

exists WeT-{p} such that W=Q, and qufW. Thus QN (X-W) is open

and nonempty. Since Q =W U (Fr(W)N Qk) U (Qk-(X-W)) and Fr(W) is

finite, then either W or Qk-(X-W) is infinite. If W is infinite,

et 0, = Qk—(X-W) and Q,; = W; otherwise, let 0, ; = W and

Qi1 = Qk-(X-w), Since W= Q and Qe X- U Oj then both W and Q

jsk =7
are contained in X—jélfb. Also, Qk+1n 0k+1 = @. Thus, ok+1c:x-th+g.,
Qi1 c:X~jELOj, and Q. is infinite. Then f . : N4 ~ (T-{@), T-{9})
defined by
(0k+1’ Qk+1) if i = k+l
feer (1) =

fk(1) if i<k
has the desired properties. Hence the statement if true for each p&e N,

and there exists an infinite sequence of nonempty disjoint open sets,



which is a contradiction.

Theorem 2.2. If {(Xa’Ta)}aG p is a family of nonempty disjoint
topological spaces, then the topological sum (X,T) of {(Xa’Ta)}GE pls
semi compact if and only if A is finite and (Xa,Ta) is semi compact

for all o€ A.
Proof: Suppose (X,T) is semi compact. If A is not finite, then

{Xa}aé A is a semi open cover of X with no finite sub-cover. Suppose
(Xw,Tw) is not semi compact for some y€ A. Then there is an infinite

collection of semi open sets {SB}BE g in Xw such that Xw =Bg 38’ and

no finite sub-collection covers X . Then {SB} U{u X} is a

BE B aFAO,ch#w
semi open cover of X with no finite sub-cover. Thus A is finite and

(Xa,Ta) is semi compact for all a€ A.
Now suppose A = {1,2,...,k} and (Xa,Ta) is semi compact for all
c€A. Let {SB}BE B be a semi open cover of X. Then {Ssn Xa}BE B is a

semi open cover of Xa for each a«€ A, and hence for each o€ A there is

a finite sub-collection Cac:{SBﬂ Xa}BG B such that X = U (SBﬂ Xa).
SnX ecC
) R o a
Let S = {Sé Sgn X € ¢, for some o€ A}. Then S is a finite sub-

collection of {SB}Be B which covers X, and X is semi compact.

Investigation into the question of which subspaces of semi
compact spaces are semi compact led to the inclusion in the characteri-
zation theorem of classification of semi compact spaces into types

described in the following definition.



Definition 2.1. Let (X,T) be a topological space. Then

(a) (X,T) is type 1 if and only if X is finite,

(b) (X,T) is type 2 if and only if X is infinite and for each 0€¢ T-{@},
X-0 = Fr(0) is finite, and

(c) (X,T) is type 3 if and only if (X,T) is not type 2 and there

exists a finite sequence {01-}?=1 of disjoint open sets such that

n
(Oi,T0 ) is type 2 for each i< {1,2,...,n}, X-u Oi is finite, and
i i=1

and X is connected.

The notion of semi embedding is also used in the characterization

theorem.

Definition 2.2. A one-to-one function f from a topological space

(X,T) into a topological space (Y,S) is a semi embedding if and only if
f o (X,T) - (f(X),Sf(X)) is a semi homeomorphism.

Theorem 2.3. Let (X,T) be a topological space. Then the
following are equivalent:
(a) (X,T) is semi compact,
(b) for each Y€ T, (Y,TY) is semi compact,

(c) for each 0€ T, Fr(0) is finite and if {0,3h¢ y 15 a sequence of

m
open sets in X, then there exists m& N such that Opczu 05 for
i=1

all pe N,

(d) for each 0¢ T, Fr(0) is finite and every chain in T, partially
ordered by set containment, has a maximal element,

(e) for each 0€ SO(X,T), Fr(0) is finite and every chain in SO(X,T),

partially ordered by set containment, has a maximal element,



(f) for each 0¢ SO(X,T), Fr(0) is finite and if {0} is a

ne N
sequence of semi open sets in X, then there exists m€ N such that

m
0.cu0, for all peN,
P =11

(g) for each Yc X, (Y,TY) is semi compact,

(h) for each Yc X, every cover of Y by sets semi open in X has a
finite sub-cover,

(i) (X,T) is type 1, type 2, type 3, or the finite topological sum
of nonempty disjoint spaces that are type 1, type 2, or type 3,

(j) every semi homeomorphic image of (X,T) is semi compact, and

(k) (X,T) can be semi embedded in a semi compact space.

Proof: (a) implies (b). Let Y€T and let A€ Ty. Then A€ T so

that FrX(A) js finite. Since FrY(A)C:FrX(A), then FrY(A) is finite.

If there exists an infinite sequence of nonempty disjoint open sets
in Y, then the same sets form an infinite sequence of nonempty disjoint
open sets in X, which is impossible since (X,T) is semi compact.

(b) implies (c). Since X€ T, then (X,T) is semi compact and Fr(0)

is finite for each 0€ T. Let {On}ne N be a sequence of open sets in X.

Then Y =ng ﬁn €T and thus (Y,Ty) is semi compact. Since {0} .y is

an open cover of Y, then there exists a finite sub-collection {On }k
ii=1
m
that covers Y. Letm = max {n,,n,,...,n,}. Then Y = U 0., and
1°72 k che

m
0.<cvu 0. for all pc€ N,
Pry=1"

(c) implies (d). Suppose there exists a chain C = {0} ., inT

partially ordered by set containment with no maximal element. For
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all p€ N, there exists fp : Np +~ C, with fp(i) = 01, such that (1) if

i€ Np-{l}, then f. is an extension of fi-l’jfioj <0, and

0;N (X-U Oj) # @, and (2) for all ieN, 0, is not maximal in C. The
j<i

proof is by mathematical induction.
Since C has no maximal element, then C contains a nonempty set

Oa that is not maximal. Let 0; = 0_ and fl(l) = 0;. Suppose the
statement is true for p = k. Since Ok is not maximal in C, then there

exists OBE C such that Oeqfok. Since C is a chain, then Okg;OB. Let

0 =0,. Since u0; <0, and 0, <0, ,,, then U 0,<cO Also,
k+1 B j<k J k k™ “k+l j<k+13 k+1
Ok+ln (XTU Oj) # @. Then frep P Mgy > C defined by
j<k+1
o Os1 i 1 = k4l
f i) =
k+l £ (1) 1 ik
has the desired properties. Then {On}ne N is a sequence of open sets
m
in X and for each p€ N, Op¢lJOi for all m<p, which contradicts (c).
‘ i=1

(d) implies (e). Let S€ SO(X,T) and let 0€ T such that 0= Sc0.
Then Fr(S)c Fr(0), which is finite. Let C = {S_} ¢ p be a chain in

a o
SO(X,T) partially ordered by set containment, and for each o€ A choose oae T

such that Oa = Int(Sa)c:Suc:G;. Then {Oa}ae A is a chain in T partially

ordered by set containment and hence contains a maximal element 08'

"For each j€ A, Sjczﬁﬁczﬁé = OBU Fr(0.). Thus for each j€ A, Sj—S

] c:Fr(OB).

B

Let F = {x€ Fr(OBN X€ Sj for some j€ A}. Then for each j€A, SjC:OBU F.
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If F=29, OB = SB and Sjc:SB for a1l j€ A, which implies that C has

a maximal element, SB' Suppose F # @, Since Fr(OB) is finite,

F = {xl,xz,...,xk} for some ke N. For each i€ {1,2,...,k}, choose

S €C such that x.€¢S , lLetS={SIW{S ,$ ,...,S }. Since
a_i 1 a,i B al cxz ak

S is a finite subset of the chain C , then S has a maximal element,

S, and Smc:OBU F since Sme C. Since SBE S, then S C:Sm, which implies

m B

k .
OBc:Sm. Also, since F C;Slsai, then Fc:Sm. Then OBU Fc:Sm, and
OBU F = Sm' Hence, C contains a maximal element, Sm.

(e} implies (f). Let {0}, y be a sequence of semi open sets

in X and for each je N, let Sj = U On. Then {Sj} is a chain in SO(X,T).
n<j

3

Then {Sj}je N has a maximal element, Sm, and OpC:SpC’Sm = Oi for

i=1

all peN.

(f) implies (g). Suppose there exists Yc X such that (Y,TY) is

not semi compact. Then Y is infinite and there is a collection C = {Sa}aG A

of sets in SO(Y,TY) such that Y = U and no finite sub-collection
o€

S
AOL
of C covers Y, Thus no finite sub-~collection of C contains all but

finitely many elements of Y. Then for each p&€ N, there exists

fp : Np - {Y, C, Ty, T), with fp(1) = (Xi’ S“i’ 0“1’ Q“i)’ such that

(1) if i€ N_-{1}, then f. is an extension of f, , and x;€Y-UQ_ , and
D i i-1 T kei %k

(2) for all ic€ Np, X5 € SaiC:Q“i’ Oai = Qaiﬂ Y, OaiCZSaiC:Oai, and
Y-Lle is infinite.The proof is by mathematical induction.
J=i 7
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Let xle Y and choose S such that x,€S . Then there exists 0 €T
aq 1 oq oy Y

such that 0 <SS <0 ,and there exists Q €T such that 0 = YnQ .
a a a o] a a
1 1 1Y 1 1 1

Then SaIC:Qa1X and Y—QOL1 is infinite. Since FrX(Qal) is finite, then

Y-Q, is infinite. Thus f; : Ny > (¥, C, Ty, T) defined by

f. (1) = (x4, S, 0 , Q ) satisfies the desired conditions. Suppose
1 1 ag’ Toq’ Tay

the statement is true for p = k. Since Y-U Q is infinite, let X1 €
i<k %3

Y-UuQ . LetS € C such that x €S , let O € Ty such that
aj A1 k+1 %+l ] Y

0 <SS c0_ , and Tet Q € T such that O = Yn Q .
Y+l %k+1 O‘|<+1Y %+l Yk+1 “k+1

k+1 k+1 k+1 k+1 k+1
Then Y-U Q is infinite, since LO = U (Qa NY) and U 0, €US, -
j=1 =1 73 j=1 7J j=1 7§ 3=1 7]
k+1
Since Frx( } is finite, then Y-U Q is infinite. Then
j=1 %j J<k+1 J

fk+1 t Negp > (y, C, Tys T) defined by

(Xgq1s Sy >0y 5 Q) if i =kl

oL O+l %k+l %K+l
Fraa () =

£ (1) if i<k

has the desired properties. Then {x| ne N}cu Q Since {Q;

}
n€ N¢ n n nen

is a sequence in SJO(X,T), there exists n€ N such that Q c:U Q
% = =1 ¢

m
Q ,x..€Q ,and x_,,9UQ_ , which
o m+1 @il m+1 i=1 %5

for all p€ N, but

_om
Q, =U
1 -

1% 4=l

lch

is impossible. Hence (Y,TY) is semi compact.
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(g) implies (h). Let YcX and let {S } ., be a cover of Y,

where S € SO(X,T) for all a€ A. lLet W =U Since (w,Tw) is semi
o€

S .
Aoc
compact, and {Sa}ae A is a cover of W by semi open sets in W, then

there is a finite sub-cover of {Sm}m€ A for W. This same finite

sub-cover covers Y.
(h) implies (i). Since XcX, then (X,T) is semi compact. If X
is finite, then (X,T) is type 1 and (i) is true. Suppose X is infinite.
Then there exists Y€ T such that Y is infinite and if V€ T-{@} such
that VcY, then Y&V. Let W = {We€ T|YcW and if V€ T-{P} such that
VoW, then WeV}. Then W is not empty since Y€ W. Partial order W
by set containment. Since (X,T) is semi compact, then, by (d) above,
every chain in T has a maximal element. Thus, by Zorn's Lemma, W has
a maximal element My. Let U = {U€ T|U is infinite and if V& T-{f}
such that Vo U, then UcV}, and let M = {M;[Uc U and M, is the
maximal element of U containing U}. Then MU is connected for all
My€ M. For each MUE M let Cy be the component of X containing MU‘
Suppose there exist MR and MSE M such that MRﬂ MS # . Then
Rc:MRc:MRU MS' Let V€ T-{@} such that Vc:MRU MS' Suppose VN MR # 0.
Then VN Mp€ T-{@} and VN M cMp, which implies MRC:VTTﬁﬁc:VZ Also,
VN M€ T-{P}and VN Mg M, which implies MSC:VTTﬁéCZVZ Hence,
MU Msciv. Suppose VN Mg = @. Then V=Mp, which implies MRC:VI
Since M N Mc€ T-{@}, and Mpn Mg Mg, then MSc:ﬁ_7ﬂW cM.cV. Hence,

RS

MRU MSC:V. Similarly, if VN MR = @, then MRU MSCZV. Since MR is

maximal with respect to the properties that MRU MS possesses, then

MSC:MR. Similarly, MRC:MS. Hence, M is a collection of disjoint sets.
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Then M is finite, since otherwise M is an infinite collection of
nonempty disjoint open sets, which is impossible. Hence,
C = {Cy{Me M} is finite.

Let C = {Cui}?ﬂ’ and Tet F = X—1§1CU1' Suppose F is infinite.
Since (F,TF) is semi compact, then F contains Y& T such that Y is
infinite and if Ve T-{@} such that VcY, then YcV. Then Yo M€ M,

and Yc:CU for some i€ {1,2,...,n}, which contradicts the fact that YcF.
i

Hence, F is finite. Then F is open since each component is closed.

Let F = {XqsXp5...5x }. Then F = {XE}U {iz}u ..U {ii}. Suppose

_ n
there exists j€ {1,2,...,k} such that {xj}ﬂ( Uc,)# @. Then there
i=1 i

exists p€ {1,2,...,n} such that {ig}rwcu # §. Since {xj} is connected,

p
then {§53 is connected. Hence, {QE}U Cy s closed and connected,
p
which contradicts the fact that CU is a component of X. Hence,
p
FcF, and F is closed. Then X = Cy. U CU U...ucyu F, which is the
1 2 n

union of a finite number of disjoint subsets, each of which is open
and closed.
Since F is finite, F is type 1.
Let Me M. By definition of M, M is infinite. Let 0€ Ty. Since,
by part (b) above, (M,TM) is semi compact, then, by part (c) above,
FrM(O) is finite. Since 0€ Ty, then FrM(O)c:M-O. Since Mc:ﬁM = QU FrM(O),
then M—Oc:FrM(O). Hence, (M,TM) is type 2 for each Me M.
Let De C. By definition of C, D contains M for some M¢ M. If
D = M, then (D,TD) is type 2.
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Consider the case that D # M and D-M is finite. If D-Mc:FrD(M),
then (D,Ty) is type 2. If D-M¢FrD(M), then (D,Tp) satisfies the
definition for type 3 with n = 1.

Now consider the case that D # M and D-M is infinite. Since
M€ Ty, then (D,TD) is not type 2. Since D-M is infinite and (D,TD) is
semi compact, then there exists U€ U, and consequently MUE M, such

that Uc:Mﬂc:D-M. Since M is finite, then D contains at most a finite

number of sets in M. Also, D-UP is finite, since otherwise
Pe M,PcCD
D-uP contains V€ U and consequently MVE M, which is impossible.
Pe M,PcD

Since M is a disjoint collection of open sets, for each Me M, (M,TM)
is type 2, and since D is connected, then (D,TD) is type 3.
Hence (X,T) is type 1, type 2, type 3, or a finite topological
sum of nonempty disjoint spaces that are type 1, type 2, or type 3.
(i) implies (j). If (X,T) is type 1, then X is finite and hence
semi compact.
If (X,T) is type 2, then Fr(0) is finite for all 0€ T and there
does not exist an infinite sequence of nonempty disjoint open sets,
which implies (X,T) is semi compact.
Suppose (X,T) is type 3. Then there exists a finite sequence {Oi}?=1

of disjoint open sets such that (Oi,TO_)is type 2 for each i€ {1,2,...,n},
i
n
and X-U 0, is finite. Let {S } A be a semi open cover of X. Then
i=1 1 a‘a€

{0.nS 3} is a semi open cover of 0. for each i€ {1,2,...,n}. Since
i “o’a€ A i

(Oi’To) is type 2 for each i€ {1,2,...,n}, then (Oi’Tb ) is semi compact
i i

for each i€ {1,2,...n}. For each i€ {1,2,...,n}, let Ai be a finite

sub-collection of {Oiﬂ Sa}aE A that covers Oi’ and let Si = {SBlOiﬂ SSE Ai}‘
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n

For each x€ X-U 0., let S € {S }
1 a a o

such that x€ S . Then
i=1 X €A .

X

(

.i

ne s

n . s s .
1Si)U {S“x} x€ X-U 0, is a finite sub-collection of {S } ., that
i=1

covers X. Thus (X,T) is semi compact.

If (X,T) is a finite topological sum of disjoint spaces that are
type 1, type 2, or type 3, then, since each space is semi compact,
(X,T) is semi compact.

Let f : (X,T) » (Y,S) be a semi homeomorphism, and let {Sa}aE A
be a semi open cover of Y. Then {f_l(sa)}aé p is a semi open cover

of X. Since (X,T) is semi compact, then there exists a finite sub-

. -1 n -1 n
collection {f (Sai)}i=1 of {f (Sa)}ae p that covers X. Then {Sa1}1=1

is a finite sub-collection of {S } ., that covers Y, and (Y,S) is
semi compact.

(j) implies (k). Let f : (X,T) = (X,T) be defined by f(x) = x.
Then f is a semi smbedding of (X,T) into a semi compact space.

(k) implies (a). Let (Y,S) be a semi compact space such that
(X,T) can be semi embedded in (Y,S), and let f be a semi embedding
of (X,T) into (Y,S). Since (Y,S) is semi compact, then part (g) above
implies (f(X),Sf(X)) is semi compact, and part (j) above implies every

semi homeomorphic image of (f(X),Sf(x)) is semi compact. Then since
1 (f(X),Sf(X)) +~ (X,T) is a semi homeomorphism, then (X,T) is

semi compact.



CHAPTER 111

SEMI COMPACT TO SPACES, T SPACES, AND R, SPACES

0

Since the time that Dorsett found equivalent conditions for
semi compact T2 spaces and R1 spaces, the desire grew to describe
equivalent conditions for semi ceampactness in TO spaces, T1 spaces,
and RO spaces.

The following observation combined with the characterization
theorem of Chapter II yields the desired description for T0 spaces.

Theorem 3.1. Let {(Xa’Ta)}aE p bea family of nonempty

disjoint topological spaces, and let (X,T) be the topological sum

of {(Xu’Ta)}aE A" Then (X,T) is To if and only if (Xa,Ta) is Ty

for all «€ A, and (X,T) is T if and only if (Xa,Ta) is Ty for all a€ A.

The straightforward proof is omitted.

Corollary 3.1. A topological space (X,T) is semi compact TO if

and only if (X,T) is a Ty type 1 space, a T, type 2 space, a T type 3
space, or a finite topological sum of disjoint spaces that are T0
type 1, T0 type 2, or T0 type 3.

Classifying semi compact spaces into type 1, type 2, or type 3
motivated the idea of a similar classification into types for semi
compact T1 spaces. These types are described in the following definition.

Definition 3.1. Let (X,T) be a topological space. Then

(a) (X,T) is type (1,1) if and only if (X,T) is Ty and X is finite,
(b) (X,T) is type (2,1) if and only if X is infinite and T is the

finite complement topology on X, and

17



18

(c) (X,T) is type (3,1) if and only if there exists a finite sequence

{0 }?=1, n>2, of disjoint open sets such that (01.,T0 ) is type (2,1)

.

5
Oi) is finite, and (X,T)

n
for each i€ {1,2,...,n}, X-U Oi = Fr(
i=1 i

e s

1
is connected Tl‘

The following theorem, together with the characterization theorem
in Chapter II and the observation in Theorem 3.1, yields the desired

classification for semi compact T1 spaces given in Corollary 3.2.
Theorem 3.2. Let (X,T) be a topological space. Then

(a) (X,T) is type (1,1) if and only if it is T, type 1, 7
(b) (X,T) is type (2,1) if and only if it is T, type 2, and
(¢) (X,T) is type (3,1) if and only if it is T, type 3.

Proof: If (X,T) is type (1,1), then X is finite and (X,T) is Tss
which implies (X,T) is Ty type 1. If (X,T) is T, type 1, then X is
finite and T is the discrete topology on X, which implies (X,T) is
type (1,1).

If (X,T) is type (2,1), then X is infinite and T is the finite
complement topology on X, which implies (X,T) is T, type 2. Suppose
(X,T) is T1 type 2. Then X is infinite, (X,T) is Tl’ and X-0 = Fr(0)
is finite for each 0€ T-{@}. Let UcX such that X-U is finite. For
each x€ X-U, {x} is closed, since (X,T) is T, Then X-U is closed
since the finite union of closed sets is closed, which implies UE T.
Then T is the finite complement topology on X. Thus (X,T) isbtype (2,1).

Now suppose (X,T) is type (3,1). Then there exists a finite

n

sequence {01.}1

_1» n>2, of disjoint open sets such that (0;,Ty ) is
i

n n
type (2,1) for each i€{1,2,...,n}, X-U 0, = Fr(u Oi) is finite, and
i=1 i=1
(X,T) is connected Ty Then (Oi’TO.) is type 2 for each i€ {1,2,...,n},
i
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and since n>2, then (X,T) is not type 2. Thus (X,T) satisfies the
conditions for type 3.
Now suppose (X,T) is T, type 3. Then (X,T) is not type 2, and

there exists a finite sequence {01.}?=1 of disjoint open sets such

n
that (Oi’TO.) is type 2 for each i€ {1,2,...,n}, X-U

Oi is finite,
i i=1

and X is connected. Suppose n = 1. Since (Ol’TO ) is type 2, then
1

O1 is infinite and hence X is infinite. Let U€ T-{@}. Then X-U = (Ol-U)

U ((X—Ol)-U), which is finite since 0;-U and X-0, are finite. Then

X-U is finite. Since (X,T) is T,» then X-U is closed. Hence, U is
open. Since X = UU (X-U), U and X-U are open and disjoint, X is
connected, and U # @, then X-U = @. Thus X = U = UU Fr(U). Since
Ue T-{@}, then UN Fr(U) = @. Hence Fr(U) = X-U, which is finite.
Then (X,T) is type 2, which is a contradiction. Hence, n>2. Since

every subspace of a T1 space is Tl’ then (Oi,T0 ) is T1 for each

i

n n n
je {1,2,...,n}. Also, Fr(u Oi) = X-U 04 since otherwise, U 6} and
i=1 i=1 i=1
n__
the finite set X-U 01 would be two nonempty disjoint closed sets
i=1

whose union is X, which contradicts the fact that X is connected.
Hence, (X,T) is type (3,1).

Corollary 3.2. Let (X,T) be a topological space. Then (X,T) is

semi compact T if and only if (X,T) is type (1,1), type (2,1), type (3,1),
or a finite topological sum of nonempty disjoint spaces that are
type (1,1), type (2,1), or type (3,1).

The types for semi compact R0 spaces are described in the

following definition.
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Definition 3.3. Let (X,T) be a topological space. Then

(a) (X,T) is type (1,0) if and only if {{x}|x€ X} is a finite
decomposition of X,

(b) (X,T) is type (2,0) if and only if Fr(0) is finite for all Q€T
and (XO,Q(XO)) is type (2,1), and

(c) (X,Tj is type (3,0) if and only if there exists a finite sequence

{Oi}?=1’ n>2, of disjoint open sets such that (Oi’TO.) is type (2,0)
i

for all i€ {1,2,...,n}, X~G 0. = Fr(z 0.) is finite, and (X,T) is
i=1" i=1 '

connected RO.

The following theorem characterizes semi compact R0 spaces in
terms of these types.

Theorem 3.3. Let (X,T) be a topological space. Then the following
are equivalent:
(a) (X,T) is semi compact Rq»
(b) (XO,Q(XO)) is semi compact Ty and for each closed set C 1in X0

with empty interior, each element of C is a finite set, and
(c) (X,T) is type (1,0), type (2,0), type (3,0), or a finite topological

sum of nonempty disjoint spaces that are type (1,0), type (2,0),

or type (3,0).

Proof: (a) implies (b). Since (X,T) is Ry then (XO,Q(XO)) is
T1.~ Since the natural map P : (X,T) - (XO,Q(XO)) is continuous, open,
and onto, then (XO,Q(XO)) is semi compact. Now let C be closed in
(XO,Q(XO)) such that the interior of C is empty. Let Y€ C. Since
(X,T) is Ry» then Y = {x} for some x€ X. Then Int{({x}) = @, since if
0€ T-{@}such that 0 {x}, P(0) = {{x}}€ Q(X,) and {{x}}=C, which is

impossible. Thus Int({X}) is empty, which implies Y = {x} is finite.
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(b) implies (c). By Coroliary 3.2, (XO,Q(XO) is type (1,1),
type (2,1), type (3,1), or a finite topological sum of nonempty disjdint
spaces that are type (1,1), type (2,1), or type (3,1). Since (XO,Q(XO))
is Ty, then {{x}|x€X} is a decomposition of X.

If (XO,Q(XO)) is type (1,1), then Xg 1s finite and (X,T) is
type (1,0).

Suppose (XO,Q(XO)) is type (2,1). Then Xy is infinite and Q(XO))
is the finite complement topology on Xg- Let 0€ T. Then P(0)€ (X)),
and P L(Fr(P(0)))= Fr(P~1(P(0)))= Fr(0). Since Fr(P(0)} is a closed
set with empty interior, then {x} is finite for each {x¥¢ Fr{P(0)),
and since Fr(P(0)) is finite, then P'l(Fr(P(O))) is the finite union
of finite sets and hence finite. Thus (X,T) is type (2,0).

Now suppose (XO,Q(XO)) is type (3,1). Then there exists a finite
sequence {Oi}?=1’ n>2, of disjoint open sets such that (Oi’Q(XO)O.)

n n

is type (2,1) for each i€ {1,2,...,n}, X0;3101 = Frggloi) is finite,
and (XO,Q(XO)) is connected T,. Since (XO,Q(XO)) is T;, then (X,T)

is RO; since XO is connected, then P‘l(XO) = X is connected; and

since {01.}?=1 is a disjoint sequence of open sets, then {P'l(Oi)}?=1
is a disjoint sequence of open sets. Also, since (OT’TO.) is type (2,1)
i

for each i€ {1,2,...,n}, then by the argument above (P'l(Oi),TP-l(O.))

i

n n
is type (2,0) for each i€{1,2,...,n} and Fr(u P'l(Oi)) = Fr(P'l(Uloi))=
i=1 i=
-1 n 1 n 21,0 no_q o
PH(Fr(u0)) = P (Xg-U 0;) = X-P (U0,) = X-uP (0;), which is
i=1 i=1 i=1 i=1

finite. Hence, (X,T) is type (3,0).
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(c) implies (a). Suppose (X,T) is type (1,0). Then {{x}|xe X}
is a finite decomposition of X and (X,T) is RO. Let X = fi;}u {YE}U e

U {?E}. Since {2;3 is closed for each i¢{1,2,...,k}, and {i;}=

X-U {Xj}jE (1,2,....k}.j#i° then {Xi} is open for each i€{1,2,...,k}.

Let S = {S } c A be a semi open cover of X. Let SBE S, and let OBE T

a a

such that OBC:SBC:ﬁé' Suppose there exists x€ X such that x€ Fr(S ).

B
Then x€ Fr(OB), and xe€ {§33 for some j€ {1,2,...,k}. Since {§53 is

open and x€ Fr(OB), there exists y€ 08 such that y¢€ T§37. Then

{y} = {QEE. Since (X,T) is Ry and ye 0, then {3 <0, and hence
{YE} C:OB. Hence, x€ OB’ which is impossible. Thus Fr(Sa) =@

for each «€ A. For each i€ {1,2,...,k} choose Sa € S such that
i

Xie Su.. Since Sa is open for each i€ {1,2,...,k}, then for'each
i i

i€ {1,2,...,k}, {x;}cS . Hence, {S }k_ is a finite cover of X
1 OL_i OL_i “—'1

and (X,T) is semi compact Rg-
Suppose (X,T) is type (2,0). Then Q(XO) is the finite
complement topology on Xg» which implies (X,T) is Ry and Fr(0) is

finite for each 0€ 7. Llet S = {Sm}m€ A be a semi open cover of X.

Choose S,€ S and 0€ T such that 0= S,c0. Since X-0 = P'l(XO-P(O)) -
P L(Fr(P(0))) = Fr(P~}(P(0))) = Fr(0), then X-0 is finite. For

x€ X-0, choose Sax € S such that xe¢ Sux. Then {SB}U {Sax}XG x-0 'S

a finite sub-cover of X, and (X,T) is semi compact RO'
Suppose (X,T) is type (3,0). Then there exists a finite sequence

{Oi}?=1 » n>2, of disjoint open sets such that (Oi’TO.) is type (2,0)
1
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n n
for all i€ {1,2,...,n}, X-U 01 = Fr(u Oi) is finite, and (X,T) is
i=1 i=1

connected RO. Let S = {Sm}aE A be a semi open cover of X. Then
{Oin Sm}mE p 1S a semi open cover of Oi in Oi for each i€{1,2,...,n},

and there exists a finite sub-collection Cic:{Oin Sa}aE A that covers

Oi for each i€ {1,2,...,n}. For each i€ {1,2,...,n}, let Ci =

{0;,ns_ ,0,NnS ..., 0,NnS },and let S; ={S_,S ,...,5 }. Then
1 o 1 o 1 o s 1 o a a .
1 2 3; 1 72 J;
n n Ji n
uoscu (US ). For each x€ Fr(U Oi)’ choose S € S such that
i=1 ' i=1m=1%m i=1 *x
n j.i . - . .
X € Sax. Theniia{sam}mzl U {Sax}xe Fr(U 01)15 a finite sub-collection

of S that covers X, and (X,T) is semi compact Ry-

Finally, if (X,T) is a finite topological sum of disjoint spaces
that are type (1,0), type (2,0), or type (3,0), then (X,T) is a
finite topological sum of disjoint spaces that are semi compact RO’
and (X,T) is semi compact Ry-

In semi compact T1 spaces and Ro spaces, lst countability and
2nd countability are equivalent, as is shown by the remaining theorems
in this chapter.

Theorem 3.4. A topological space (X,T) is lst countable if and
only if for each Y€ T, (Y,TY) is 1st countabte.

The proof is straightforward and is omitted.

Theorem 3.5. Let (X,T) be a semi compact T, space. Then the
following are equivalent:
(a) (X,T) is 1st countable,

(b) X is countable,
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(c) T is countable, and
(d) (X,T) is 2nd countable.

Proof: (a) implies (b). By Corollary 3.2, (X,T) is type (1,1),
type (2,1), type (3,1), or a finite topological sum of disjoint
spaces that are type (1,1), type (2,1), or type (3,1).

If (X,T) is type (1,1), then X is finite and hence countable.

Consider the case that (X,T) is type (2,1). Then X is infinite
and T is the finite complement topology on X. Let x€ X and let

{01-}1-E N be a countable open neighborhood base at x. Since X-Oi is

finite for each i€ N and X- N0, =

j X'Oi)’ then X- N0, is
i€ N

U ( ;
ieN jeN

countable. Suppose N 01 # {x}. Then there exists ye X, y # X,
ieN

such that y¢€ 01 for each i€ N; but X-{y} is an open set containing

%x and hence must contain Oi for some i€ N, which is impossible.

Thus X is countable.

If (X,T) is type (3,1) or a finite topological sum of disjoint
spaces that are type (1,1), type (2,1}, or type (3,1), then X is
countable since it is the finite union of countable sets.

(b) implies (c). By Corollary 3.2, (X,T) is type (1,1), type (2,1),
type (3,1), or a finite topological sum of disjoint spaces that are
type (1,1), type (2,1), or type (3,1).

If (X,T) is type (1,1), then X is finite, T is finite, and T is
countable.

Suppose (X,T) is type (2,1). Then T is the finite complement
topology on X. Since the collection of finite subsets of a countable

set is countable, then T is countable.
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Now suppose (X,T) is type (3,1). Then there exists a finite

sequence {Oi}?=1’ n>2, of disjoint open sets such that (Oi’TO.) is
1

n n

type (2,1) for each i€ {1,2,...,n}, and X- U 0; = Fr( U Oi) is

i=1 i=1

finite. Since (Oi’TO.) is type (2,1) for each i€ {1,2,...,n}, then
i

TO is countable for each i€ {1,2,...,n}, and T E 0 is countable.
j .

i=1 !

n
Let x€ Fr( U
i=

01) and Tet 0€ T such that x€ 0. Let A be the collection
1
n
Oi)' Then A is finite, and 0 = (On ( U Oi))U S,
i=1 i=1

c 3

of subsets of Fr(

where S€ A. Thus each open set containing x can be written as the

union of a member of the countable collection T B 0. and a member of
j=1 '

the finite set A, which implies the collection of open sets containing

x is countable. Therefore, T is countable.
Clearly (c) implies (d) and (d) implies (a).
Theorem 3.6. A topological space is 1lst countable if and only if

its To—identification space is 1lst countable.

Proof: Suppose (X,T) is 1st countable. Let P : (X,T) » (XO,Q(XO))

H

denote the natural map, let Y€ XO’ and let y€ P""(Y). Then there is

a countable open neighborhood base {81.}1.E N at y. Since P is open,

then {P(Bi)}ie NC:Q(XO). Also, Y€ P(Bi) for all ie N. Let Q€ Q(XO)

such that Y€ 0. Then y¢ P'l(O), which is open in (X,T), which implies

there exists j€ N such that ye€ BjC:P‘l(O). Then P'l(

Y)c:Bj, and hence

Y€ P(Bj)c:O. Thus the collection {P(Bi)}ie N forms a countable open

neighborhood base at Y, and (XO,Q(XO) is 1st countable.
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Now suppose (XO,Q(XO)) is 1st countable. Let x€ X. Then P(x)€ Xy

and there is a countable open neighborhood base {Bi} at P(x).

i€ N

Since P is continuous, then {P'l(Bi)}i€ N cT. Let 0€ T such that

x€ 0. Then P(x)€ P(0), and, since P is open, then P(0)¢ Q(XO). Hence
there exists j€ N such that P(x)€ B,cP(0). Then xe pL(p(x))c
P'l(Bj)C:O. Therefore {P—I(Bi)}ie N forms a countable open neighbor-

base at x, and (X,T) is 1lst countable.
Theorems 1.2, 1.3, 1.4, 1.7, 3.5, and 3.6 may be combined to
give the following result.

Corollary 3.4. If (X,T) is semi compact RO, then (X,T) is 1st

countable if and only if (X,T) is 2nd countable.

It is felt that the formulations given in the characterization
theorem, Theorem 2.3, completely describe semi compactness in topo-
logical spaces and that semi compact TO’ RO’ and T1 spaces are

completely described by Corollary 3.1, Corollary 3.2, and Theorem 3.3
of this paper.
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